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Abstract 

In this paper, we first study the perturbations and expressions for the gen- 
eralized inverses a^q, a>p,'q , Op,q and a p l ] q with prescribed idempotents p and 
q. Then, we investigate the general perturbation analysis and error estimate 
for some of these generalized inverses when p, q and a also have some small 
perturbations. 
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1 Introduction 

Let TZ be a unital ring and let 1Z° denote the set of all idempotent elements in 1Z. 
Given p, q G 1Z°. Recall that an element a G 1Z has the (p, g)-outer generalized 

(2) (2) 

inverse b = a p , q G 7Z if bab = b, ba = p and 1 — ab = q. If b = a p>q also satisfies 
the equation aba = a, then we say a has the (p, g)-generalized inverse b, in this 

(1 2) 

case, written b = a Pt ' q . If an outer generalized inverse with prescribed idempotents 
exists, it is necessarily unique (cf. [6]). According to this definition, obviously, we see 
that the Moore-Penrose inverses in a C*-algebra and (generalized) Drazin inverses 
in a Banach algebra can be expressed by some (p, g)-outer generalized inverses (cf. 

isnaiu). 
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Based on some results of Djordjevic and Wei in [6], Die, Liu and Zhong gave 
some equivalent conditions for the existence of the (p, g)-outer generalized inverse in 
a Banach algebra in [5]. But in our recent paper PQ, we find that Theorem 1.4 of [5] 
is wrong. In [1], we first present a counter-example to [5j Theorem 1.4], then based 
on our counter-example, we define a new type of generalized inverse with prescribed 
idempotents in a Banach algebra as follows: 

Definition 1.1 (see pQ). Let a G srf and p, q G srf* . An element b G srf satisfying 

bab = b, Rr(b) = R r (p), K r (b) = R r (q), 

will be called the (p,q,l)-outer generalized inverse of a, written as a p 2 q 1 ^ = b. 

In addition, if Op,q satisfies a = aap >q a, we call ap 2 ' q is the (p, q, I) -generalized 
inverse of a, denoted by ap\. 

Perturbation analysis of the generalized inverses is very important in both theory 
and applications. In recent years, there are many fruitful results concerning the 
perturbation analysis for various types generalized inverses of operators on Hilbert 
spaces or Banach spaces. The concept of stable perturbation of an operator on Hilbert 
spaces and Banach spaces is introduced by Chen and Xue in pp. Later the notation 
is generalized to the set of Banach algebras by the second author in [13] and to the 
set of Hilbert C*-modules by Xu, Wei and Gu in [16]. Using the notation "stable 
perturbation", many important results in perturbation analyses for Moore-Penrose 
inverses on Hilbert spaces and Drazin inverses on Banach spaces or in Banach algebras 
have been obtained. Please see [21 [3], HI HH HU [15] for detail. 

Let X, Y be Banach spaces over complex field C. Let T (resp. S) be a given 
closed space in X (resp, Y). Let A be a bounded linear operator from X to Y such 
that A% 5 exists. The perturbation analysis of A^\ for small perturbation of T, S 
and A has been done in [7J [8] . Motivated by some recent results concerning the per- 
turbation analysis for the generalized inverses of operators, in this paper, we mainly 
study the perturbations and expressions for various types of generalized inverses with 
prescribed idempotents in Banach algebras. We first consider the stable perturbation 
characterizations for a p 2 \, a^ q \ Op tq and a p , q with prescribed idempotents p and q. 
Then, by using stable perturbation characterizations, we can investigate the general 
perturbation analysis and error estimate for some of these generalized inverses when 
p, q and a also have some small perturbations. The results obtained in this paper 
extend and improve many recent results in this area. 

2 Preliminaries 

In this section, we give some notations in this paper, we also list some preliminary 
results which will be frequently used in our main sections. Throughout the paper, srf 
is always a complex Banach algebra with the unit 1. 

Let a G s$ ' . If there is b G srf such that aba = a and bab = b, then a is called 
to be generalized invertible and b is called the generalized inverse of a, denoted by 
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b = a + . Let Gi(g/) denote the set of all generalized invertible elements in £/\{0}. 
Let &/* denote the set of all idempotent elements in srf . If a G Gi(&/), then a + a and 
1 — aa + are all idempotent elements. For a G &f, set 

K r (a) = {x G srf | ax = 0}, R r (a) = {ax \ x G 
Ki(a) = {x G srf | xa = 0}, i2j(a) = {xa | x G stf}. 

Clearly, if p G then =<z/ has the direct sum decompositions: 

st = K r (p) + Rr(p) or sf = Kiipj+R^p). 

The following useful and well-known lemma can be easily proved. 

Lemma 2.1. Let x G srf and p G £/* . Then 

(1) K r {p) and R r {p) are all closed and K r (p) = R r (l — p), R r {p)£^ C R r (p)] 

(2) px = x if and only if R r (x) C R r {p) or Ki(p) C K[(x); 

(3) xp = x if and only if K r (p) C K r (x) or Ri(x) C Ri(p). 



We list some of the necessary and sufficient conditions for the existence of a 



(2,0 



in the following lemma, which will be frequently used in the paper. Here we should 
indicate that a P) q is unique if it exists. Please see [1] for the proofs and more 
information. 

Lemma 2.2. Let a G srf andp, q G stf' . Then the following statements are equivalent: 

(1) a^'g exists; 

(2) There exists b G such that bob = b, R r (b) = R r (p) and K r (b) = R r {q); 

(3) K r (a) H R r (p) = {0} and srf = aR r (p) + R r {q); 

(4) There exists b G srf satisfying b = pb, p = bap, b(l — q) — b, 1 — q — (1 — q)ab; 

(5) p G Ri((l — q)op) = {x(l — q)ap \ x G &/} and 1 — q G -R r ((l — q)ap); 

(6) There exist some s,t G stf such that p — t(l — q)ap, 1 — q — (1 — q)aps. 

The following lemma gives some equivalent conditions about the existence of Op, q . 
See [1] for more information. 

Lemma 2.3. Let a G srf andp, q G Then the following conditions are equivalent: 

(1) Op] q exists, i.e., there exists some b G s$ such that 

aba = a, bab = b, R r (b) = R r (p), K r {b) = R r (q), 

(2) £/ = R r (a) + R r {q) = K r (a) + R r {p), 

(3) ^ = aR r {p) + R-r(q), R r (a) D R r (q) = {0}, K r (a) n R r {p) = {0}. 

Let X be a complex Banach space. Let M, iV be two closed subspaces in X. Set 

Jsup{dist(x, N) | x G M, \\x\\ = 1}, M ^ {0} 
[0 M = {0}' 



5(M, AT) 



where dist(x, N) = inf{||x — y\\ \ y G iV}. The gap 5(M,N) of M, N is given by 
5(M , N) = max{5(M, N), 8(N, M)}. For convenience, we list some properties about 
5(M,N) and S(M,N) which come from [TO] as follows. 
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Proposition 2.4 Q10J). Let M, N be closed subspaces in a Banach space X . Then 

(1) 8(M, N) = if and only if M C N; 

(2) 8(M, N) = if and only if M = N; 

(3) 5(M,N) = 8(N,M); 

(4) < 5(M, N) < I, < 5(M, iV) < 1. 

3 Stable perturbations for the (p, q)— generalized 
inverses 

Let a G Gi(&/) and let a = a + 5a G =2/. Recall from [H] that a is a stable 
perturbation of a if i? r (a) PI K r (a + ) = {0}. Obviously, we can define the stable 
perturbation for various kind of generalized inverses. In this section, we concern 
the stable perturbation problem for various types of (p, q) -generalized inverses in a 
Banach algebra. 

Lemma 3.1 ([9j Lemma 2.2]). Let a, 6 6 s$ ' . If 1 + ah is left invertible, then so is 
1 + ha. 

(2 1) 

Lemma 3.2. Let a, 5a G s$ and p, q G m' such that a p J q exists. Put a = a + 5a. If 

1 + 5aa Pt 'q is invertible, w = a p 2 q\l + 5aa p 2 'q)~ 1 . Then d p 2 'q exists and w = a p 2 'q . 

Proof. We prove our result by showing that waw = w,Rr(w) = R r (p),K r (w) = 
R r (q). It is easy to check that 

w = ogf (1 + tfoogf)- 1 = (1 + agfSar'agf. 

Then, by using these two equalities, we can show R T (w) = R r (a P: ' q ) = R r {p) and 
(2 1) 

K r (w) = K r (a P: ' q ) = R r {q). We can also compute 

waw = 4^(1 + 5aaf$)- l aaf${l + 5aaf»)- 1 

= agf (1 + Saafflr^a^M - 1) + (1 + (1 + 5aa^ 

= ag?(l + 8aaf$Y\aaf$ -!)(! + 5aaf;^ + w 
= w. 

By Definition 11.11 and the uniqueness of a p 2 q\ we see d p 2 'q exists and w = a p 2 'q . □ 

Obviously, from the proof of Lemma |3~2| we see that if a p 2 'q exists and 1 + a p 2 'q5a 
is invertible, set v = (l + a p 2 'q ) 5a)~ 1 a p 2 'q , then we also have v = d p 2 'q . In order to prove 
the main results about the stable perturbation, we need one more characterizations 
of the existence of a p 2 'q . 

For an element a G srf and p, q G Let R a : srf — )■ s$ be the right multiplier on 
s$ (i.e., R a (x) = xa for any x G sf). Then it easy to see that a Pj q exists in srf if and 
only if \Ra) Jn_ q \ stn-p) ex ists in the Banach algebra B{£/). So from the equivalences 
of (1), (2) and (3) in Lemma [2721 dually, we can get the following equivalent conditions 
for the existence of ap >q . 
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Proposition 3.3. Let a G s$ and p, q G =2/*. Then the following statements are 
equivalent: 

(1) ap,q exists; 

(2) There exists c G s$ such that cac = c, Ri(c) = Ri(l — q) and Ki(c) = Ri(l — p); 

(3) Ki{a) C\ Ri{l - q) = {0} and sf = R t (l - q)a + Ri(l - p). 

Proof. (1) (2) Suppose that a p 2 'q exists. Let c = a p ,q . Then from Definition II. 1[ 
we know that cac = c, and then ca, ac G R r (ca) = R r (c) = R r (p), K r (ac) = 
K r (c) = R r {q)- Thus, it follows from Lemma [2. II that 

cap = p, pea = ca, ac(l — q) — ac, (1 — q)ac = 1 — q. 

Then, by using Lemma 12.11 again, we have 

Ktica) C K t (p) C Ktica), R t {ac) C R^l - q) C R^ac). (3.1) 

By using cac = c, we have Ki(ca) = Ki{c) and R r (ac) = R r (c). Thus from Eq. (13.11) 
we see that (2) holds. If (2) holds, similarly, by using Definition 11.11 and Lemma 12. 1\ 
we can obtain a P 2 q exists. 

(2) <^ (3) By our remark above this lemma, we see these hold simply from the 
equivalences of (2) and (3) in Lemma \2. 21 Note that we can also prove these equiva- 
lences directly by using the right multiplier R a on srf . Here we omit the detail. □ 

Now we can present one of our main results about the stable perturbation of the 
generalized inverse a p 2 ' q . 

(2 1} 

Theorem 3.4. Let a, da G srf and p, q G such that a P: ' q exists. Put a = a + 8a. 
Then the following statements are equivalent: 

(1) 1 + 5aa p 2 ' q is invertible; 

(2) 1 + a p ,'q5a is invertible; 

(3) Opfq exists. 

In this case, we have d p 2 'q = a p 2 q \l + 8aa p 2 'q)~ l = (1 + a p 2 'q 5a)~ l a p> q . 

Proof. (1) <^> (2) follows from the well-known spectral theory in Banach algebras. 

(2) =>■ (3) We prove our result by using Lemma l2~2l Let x G K r (a) nR r (p) = {0}. 
Since R r (p) = R r (a P , q ), then there exists some t G srf satisfying x = a p , q t and at = 0. 
Thus we have 

(1 + afflWagft = <i ] t + °$$8aafflt 
= a<$(a + 5a)ag$t 
= adt = 0. 

Since 1 + a p 2, q 5a is invertible, it follows that at = 0. Therefore, 

K r (a) n R r (p) = {0} (3.2) 
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Let s G aR r (p) R R r (q). Since R r (p) = R r (a p 2 'q) and R r (q) = K r (a p 2 'q), then there 
exists some z E such that s = aa p 2 'q z and a p 2 'qS = 0. Similar to the proof of 
Eq. (I3.2p . we can get s = ap'q t = 0, i.e, aR r {p) PI i? r (g) = {0}. Since 1 + ap/q 5a is 
invertible, then for any w G ^/ there is some i> G srf such that a^q it; = (l + a p 2 'q8a)v. 
From a = a + 5a, we have 

(1 - a p 2 fa)v = ag£(w - av) G R r (a^a) n ^r(a^a) = {0}. 

Thus, it; — av G i-f^a^g ) and f = a p 2 'qav G ^(a^q ). Since for w G £/, we also have 
w = av + (w — av) G aR r {p) + R r (q)- Thus, we have 

st = aR r {p) + R r {q). (3.3) 
Now, from Eqs. ( 13. 2 p and (13. 3p . by using Lemma [2.2[ we see that a P) ' q exists. 

(2 1} (2 1} 

(3) =>■ (1) Suppose that a p , q exists, we want to prove 1 + 8aa p ' q is both left and 
right invertible. Since d p 2 'q exists, then from Lemma |2.2[ = aR r (p) -j- R r (q) = 
aR r (a p 2 'q) + K r (a p 2 'q). Thus, for any x G we can write x = aa Pt qt\ + t 2 , where 
ti G and t 2 G K r (a P: ' q ). Set s = aa PtQ t\ + t 2 , then 

(1 + 8aa {2 f)s = (1 + daa^iaa^h + t 2 ) 
= aaf'gHt +t 2 = x. 

(2 1} 

Since x G m is arbitrary, let x — 1, then we see that 1 + 8aa P: ' q is right invertible. 
Now we prove that 1 + 8aa p 2 'q is also left invertible. In fact, from Proposition 13.31 we 
also have stf = Ri(l — q)a + Ri(l—p) = Ri(a p 2 'q)a + Ki(a p 2 'q) for a p 2 'q exists. Then for 
any z G we can write z = S\a p 2 'qa + s 2 , where s\ G Ri{a p 2 'qa) and s 2 G K/(a^g ). 
Let t = si + s 2 , then we have 

t(l + aj^oa) = (si + s 2 )(l + a^ } 5a) 
= si + s 2 + sia^'p(a - a) 
= s 1 a^ ) a + s 2 + s 1 (l-a^ ) a) 
= 2. 

(2 I) 

Since 2 G is arbitrary, let z — 1, then we get that 1 + a p ,q 5a is left invertible. 
But from Lemma 13.11 we see 1 + 8aa p 2 'q is also left invertible. Thus, 1 + 8aa p 'q is 
invertible. 

.(2,0 _ (2,l) h , r_(2,OW _ H , J2,I) A >_ ,(2J) 



Now, from Lemma [3T2l a Pl q = a p , q (1 + 8aa Pi ' q ) = (1 + a Piq '8a) CLp,'q ■ This 

completes the proof. □ 

( 2 n ( 2 i\ 

Lemma 3.5. Let a, 8a £ &f and p, q G m* such that a p ' q exists. If 1 + a Pt ' q 5a is 

invertible. Put a = a + 5a and f = (1 + a p ^5a) _1 (l — a p 2,l qd). Then 



(1) / G with K r (a) C i? T (/); 

(2) K r (a) = R r (f) if and only if R r (a) n R r (q) = {0}. 
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Proof. (1) Since (1 — a p 2 'qa)(l + a p 2 'q5a) = 1 — a p 2 'qa and 1 + a p 2 'q5a is invertible, we 
have 1 — afjqa = (1 — 4^ a)(l + a p 2,l q5a)~ l . Thus, 

/ 2 = (1 + agf«a)- l (l - ag.O a) (i + a^Sa)-\l - agfa) = /. 

Now for any x G from (1 — aa p 2 'q)x = (1 + a p 2 'q5a)x — a P) 'qax, we have 

fx = (l + af^5a)- l {\ - a p 2 fa)x = x - (1 + ag^a^ag'.jW. (3.4) 

Eq. (HOD implies that ff r (a) C ^ r (/)- 

(2) (=*■) Let t G R r (a)nR r (q) = {0}. Since i? r (g) = K r (ag?), then there is some 
x G srf such that t — ax and agg ax = agg t = 0. Thus, x = fx by Eq. (I3.4p . So, 
x G Rr(f) = K r (a) and t = ax = 0, i.e., _R r (a) D i?r(g) = {0}. 

(<=) Thanks to (1), we need only to prove R r (f) C iT r (a). Let t G R r (f)- Since 
/ G we have t = ft. So by Eq. (13.41) . we get (1 + a p 2 'q 5a)' 1 a p 2 'q at = and then 
dpSqat = 0. Hence at G R r (a) fl R r {q) = {0} and K r (a) = R r (f)- □ 

Similar to [131 Proposition 2.2] or [14, Theorem 2.4.7], but by using some of our 
characterizations for a P 2 q and a p , q , we can obtain the following results about the 
stable perturbations for these two kinds of generalized inverses. 

Theorem 3.6. Let a, 5a G m and p, q G such that a p , q exists. Suppose that 
1 + ap,'q5a is invertible. Put a = a + 5a and w — (1 + ap,q 5a)~ 1 a p 2 'q . Then the 
following statements are equivalent: 

s _ (Z) . _(2,/) _ -(l) 

yi) w — Op^q, i.e., ap^q — ap.g, 

(2) R r {a) PI Rr(q) = {0}, i.e., a is a stable perturbation of a; 

(3) a(l + a^oa)" 1 ^ - af^a) = 0; 

(4) (1 - aagf )(1 + tfaagf = °- 

Proof. The implication (1) (2) comes from Lemma [2.21 Lemma [2.31 and Theorem 
13.41 The implication (2) <^ (3) comes from Lemma [3.51 

(3) (4) we can compute in the following way, 

3(1 + a p 2 ^5ay\l - af$a) = a(l + af^ 5a)- 1 [{\ + a p 2 >?5a) - af$a] 

= a - aaf ^(l + Saaf^^a 

= a - [(1 + 5aaf^) - (1 - aagf )](1 + Saa^y'a 
= {I - aaf$){l + SaafVy 1 !!. 

This completes the proof. □ 
Furthermore, by using the above theorem, we have the following results. 

,(2,0 



Corollary 3.7. Let a, 5a G stf and p, q G £/' such that a p q exists. Put a = a + 5a. 

7 (2,0 
lp,q 



(2 1) 

Ifl + a Pt ' g da is invertible. Then the following statements are equivalent: 
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(1) R r (a) fl Rr(q) = {0}, i.e., a is stable perturbation of a; 

(2) (1 + a¥$8a)- l K r {af,fa) = K r (a); 

(3) (1 + 5aa p 2 ' q ] )- l R r {a) = R r {aa { p ; l q ] ) . 

Proof. Note that we have K r (a p 2 ' q a) = R r {l — ap t 'q a) and R r (aa p 2 ' q ) = K r {l — aa p 2 'q). 
So we can get the assertions by using Theorem 13. 61 □ 

Theorem 3.8. Let a, 5a G srf and p, q G srf' such that a p % exists. Put a = a + 5a. 
Then the following statements are equivalent: 

(1) 1 + a p , q 5a is invertible, R r (a) = K r (q) and a p ] q = a p , q (l + 5aa p ] q )~ l . 

(2) R r {a) n Rr(q) = {0}, K r (a) n R r {p) = {0} and aR r {p) = K r (q). 

Proof. (1) =>• (2) Suppose that (1) holds. Since Op\ exists, we obtain that ap 2 '^ exists 
and a p 2 ^ = Op,g. Thus, from our assumption, by using Theorem 13.61 and Lemma T2.3[ 
we have 

R r {a) n R r (q) = {0}, K r {a) n R r (p) = {0}. 

Now we need to show aR r {p) = K r (q). But since R r (a) = K r (q), so we can prove 
our result by showing that dR r {p) = R r {a). Obviously, aR r (p) C R r (a). On the other 
hand, since a p % exists, then by Lemma [2731 again, we have srf = aR r (p) -\-R r (q). Now 
for any x G Rr(a), we can write x = X\ + x 2 with X\ G aR r (p) and x 2 G R r {q). From 
aR r {p) C Rr(a), we get sci G R r (a). Thus, 

12 = s - ii 6 i? r (a) PI i?r(g) = {0}. 

Therefore, x 2 = and then x = X\ G aR r {p). Hence, aR r (p) = R r (a) = K r (q). 

(2) =>■ (1) Since q G and aR r {p) = K r (q), we can write £/ = K r {q) -j- R r (q) = 
aR r (p) + R r (q). Note that f? r (a) n R r (q) = {0}, K r (a) n R r (p) = {0}, then by using 
Lemma 12.31 we get a p } q exists, then a p 2 ' q also exists and a p 2 ' q = a p %. Thus, from 
Theorem 13 A\ we see 1 + a Ptq 5a is invertible and d p % = <4,g(l + 5aa p ] q )~ l . Now, by 
using Lemma [273| we can get si = aR r (p)+R r (q). Similarly, as in (1) =>- (2), by using 
R r (a) R R r {q) = {0}, we can show that aR r (p) = R r (a) and then R r (a) = K r (q). 
This completes the proof. □ 

The first result in the following lemma has been proved for generalized inverse a + 
by the second author (see [131 Proposition 2.5]). By using the same method, we can 
prove the following results for the general inverse a p , q . 

Lemma 3.9 ([131 Proposition 2.5]). Let a, 5a G s# and p, q G stf 9 such that a p \ 
exists. Put a = a + 5a. 

(1) If 6(Rr{a),R r (a)) < ||1 - ao^H" 1 * t/ien ^0) n i? r (g) = {0}; 

(2) If 5{K r {a),K r {a)) < jlagUll -1 , &en lf r (a) n i? r (p) = {0}. 

By using Theorem I3.6[ Theorem 13.81 and Lemma 13.91 we have the following: 
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Corollary 3.10. Let a, 5a G s/ and p, q G such that a p l ]q exists. Put a = a + 5a. 
If one of the following condition holds, 

(i) 5(K r (a), K r (a)) < ||ap,g a ll _1 ; 5(R r (a),R r (a)) < ||1 — ctap,g|| -1 and aR r (p) = 
K r (q) 

(ii) 1 + affqda is invertible and 5(R r (a),R r (a)) < ||1 — aap,g|| -1 . 



Then a p % exists and a p % = a p ; q (l + 5aa p l ] ^ 1 



Finally, we present some perturbation results for a 



(2) 



(2) 

Theorem 3.11. Let a, 5a G stf and p. q G such that a p / q exists. Put a = a + 5a. 

(2) 

If 1 + a p / q 5a is invertible. Then the following statements are equivalent: 

(1) d p 2 ) q exists and a p 2 \ = a p 2 \(l + 8aa p 2 \)~ l ; 

(2) ap = (l- q)a; 

(3) aa p 2 \ = (1 — q)aa p 2 \ and a p 2 \a = a p 2 \ap. 

Proof. (1) (2) comes from [6], Theorem 4.1]. We show that (2) and (3) are equiv- 
alent. If ap = (1 — q)d, then 

da p 2) q = apa p 2) q = (1 - q)da p 2) q and a p 2) q a = a$ q (l - q)a = af\ap. 
Conversely, if (3) holds, then ap = aa p 2 \a = (1 — q)aa p 2 ) q a = aa p 2 \ap = (1 — q)a. □ 

(2) 

Corollary 3.12. Let a, 5a G stf and p, q G sd* such that a p / q exists. Put a = a + 5a. 
If 1 + a p 2 } q 5a is invertible and 5a = (1 — q)5a = 5ap. Then a p % exists and 

a p % = ogi(l + Saa^y 1 = (1 + a^Sa^a®. 



Proof. If 5a = (1 — q)5a = Sap, then it is easy to check that ap = (1 — q)a. Thus, 
Theorem 13.111 shows that our results hold. □ 



4 Perturbation analysis for the (p, q)— generalized 
inverses 

In this section, we mainly investigate the general perturbations problem for the (p, q)- 
generalized inverses a p 2 ' q and a Pl ' q . Let n = \\a\\ \\a p 2 ' q \\, which is the generalized 
condition number of the generalized inverse a p '\ . 

Lemma 4.1. Let a G stf and p G srf* with R r [p) = R r {a). Let c 6 ^ with R r (c) 

closed and 5(R r (c), R r (a) ) < r—rr. Then = R r (c) + KJp). 

1 + \\p\\ 

Proof. Let L p x = px, V x G stf '. Then L p is an idempotent operator on srf with 
II-^pII = IHI an d {L p x\ x G stf} = R T {p). By [TTJ Theorem 11] or [T4J Lemma 4.4.4], 

5(R r (c), R r (a)) < implies that srf = R r (c) + K r {p). □ 

1 + ll-kpll 
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Lemma 4.2 ([131 Lemma 2.4]). For anyp, q G we have S(R r (p), R r {q)) < \\p— q\\ ■ 

(2 I) 

Lemma 4.3. Let a G and p, q G £f* such that a p ' q exists. Suppose that p G 
satisfying \\p — p'\\ < . Then 

1 + K 

(1) 5(aR r (p),aR r (p')) < k \\p~p'\\ 



1 - (1 + k)\\p-p'\\' 
(2) aR r (p') C stf is closed and K r (a) fl R r (p') = {0}. 

Proof. (1) Set b = a!p,q . For any t' G R r (p'), we have 

dist(at', aR r (p)) = inf II at' — at II < II all inf lit — t'|| 

< ||a||dist(t',iiV(p)) 

< ||o||||f||^(i2 P ( f /),i2 P (p)). 

Thus, we get 

5(at',aR r (p)) < ||o||||t , ||5(i2 P (p'),i2 P (p)). (4.1) 
But for any t' G R r {p') and t G R r (p), we have 



\a(t'-t + t)\\>\\b\\\\at\\-\\b\\\\a\\\\t'-t\\ 

>||t|MHIHIII*'-*ll 

>¥\\-(l+\\b\\\\a\ 



Thus, ||t'|| - II&IIKH < (1 + ||6||||a||)||t'-t||, and then 

llt'll-llollllat'll^a+ll&IHIalDdist^^p)) 

<(l + \\b\\\\a\\)\\t'\\6(R r (p'),R r (p)). 

Therefore, we have 



" l-(l + \\b\\\\a\\)5(Rr(p'),Rr(p))' (4 ' 2) 
Then by Eq. flU]) and Eq. (TC2D, we get 

i-(i + WIMI)*(iW,fl,W) 

Now, by Lemma 14.21 and the Definition of gap-function, we have 

8(aR r (p'), aR r (p)) < ,„ ■ (4.3) 

1 - (1 + K)\\p - p'\\ 
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On the other hand, for any t G R r (p), by Lemma I2T21 we have t = pt = bapt = bat, 
then 

distfai, aR r (p')) — inf \\at — as\\ < llall inf \\t — s\\ 

s£R r (p') seRrip') 

= \\a\\dist(t,R r {p')) < ||a||||t||<y(i2 r (p),i2 r (p')) 
= \\a\\\\bat\\5(R r (p),R r (p')) 
< \\a\\\\b\\\\at\\5(R r (p),R r (p')). 

Thus we have S(aR r (p) , aR r {p')) < Ko~(R r (p), R r {p')). So by Lemma I4T2"} 

8{aRr(p),aRr{p')) < K\\p-p'\\. (4.4) 

Consequently, from Eq. fl4.3[) and Eq. (14.41) . we have 

5(aR r (p), aR r (p')) = ma.x{5(aR r ( y p'), aR r (p)), S(aR r (p), aR r (p'))} 

k\\p — p'\\ 



< 



(i+«)iijj-j/ir 



(2) Obviously, by Eq. (14. 2p . we get aR r (p') C £/ is closed and K r (a) fl R r (p') = 
{0}. This completes the proof. □ 

(2 I) 

Now we can give the following perturbation result for a p ^ q when p has a small 
perturbation. 

(2 1} 

Theorem 4.4. Let a G andp, q G stf* such that a P: ' q exists. Suppose thatp' G &/* 

1 (2.0 
— . / hen r 

l + « 



with \\p — p'\\ < — — ; — r^. Then a p ,^ exists and 



II „(2,0 _(2,0|| /, . Nil , I, || (2,0 1 



(2,0,, ^ T37TT^IW73^ ^Hv;JI< 



I ftp, q 



1-(1 + k)||j/-p|| " " p ' qU - 1 - (1 + K)\\p' - p\ 



Proof. Let b = a p 2 q \ then by Definition [TTH we know that ab G and k = ||6||||a|| > 

llaftll. By using Lemma I4~3l and note that lip — p'\\ < — , we have 

(1 + K) 2 

5(aR r ip),aR r ip')) < - ,f P ~^ „, < ' 



i - (i +k)\\p-p'\\ i+iio6ir 

From Lemma fl~3l (2). we know that K r (a) n R r {p') = {0} and aR r (p') C s$ is closed. 
Thus, by Lemma H~Tl aR r {p') is complemented and srf = aR r (p') + R r (q). Therefore, 
by Lemma 12.21 we know a p 2 ) q exists. 

(2 I) (1 V\ 

For convenience we write a p ,' q = b' . Since we have proved that a p/ ' q exists, then 



by Theorem^ ^ = aR r {p') + R r {q) = aR r {p')+K r (b') and K r {b') = R r {q) = K r (b). 
Thus for any x G we can write x = t + t' with t = ab' z for some z G stf and 
t' G R r (q). 
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Since dist(b' z, R r (p)) < \\b'z\\S(R r (p'),R r (p)) < \b'z\\\\p'— p\\, then for every e > 0, 
we can choose y G stf such that \\b'z — by\\ < \\b'z\\\\p' — p\\ + e. Put s = aby. Then 
we have 

\\t — s\\ = \\ab'z — aby\\ < \\a\\\\b'z\\\p' —p\\ + \\a\\e. 
-6)x|| = -b)(t + t')\\ = \\(b'-b)t\\ 

< \\b'ab't - babs\\ + \\bs - bt\\ 

< \\b'z-by\\ + ||6||||s-t|| 

< (l + «)||6'z||||p'-p|| + (l + «)e. (4.5) 
From t = ab'z, we get b't = b'z and therefore 

\\b'z\\ = ||6't|| = \\(b' -b)x + bx || < \\{b' -b)x\\ + (4.6) 
Thus by using Eq. (14. 5p and Eq. (14.61) . we get 

W -b)x\\ < (l + /c)(||6||||a;|| + ||(6' - b)x\\)\\p' - p\\ + (1 + «)e. (4.7) 
Letting e — > + in Eq. (14.71) . we can get 

WnW> a^W fl I Ml / II II (2,0 || 

\\ a p',q - a P,Q II (1 + K)\\p -p\\ (2j0 II 

_ , . Nil, 111 W^W „ S 



w>H - i-(i + K )\\j/- P \y 11 - + 



This completes the proof. □ 

Some representations for the generalized inverse a Ptq have been presented in pQ. 
The following result gives a representation of a P:q based on (1,5) inverse. Note that 
this result is also an improvement of the group inverses representation of 
PQ), which removes the existence of the group inverses of wa or aw. 

Lemma 4.5 ([H Theorem 5.6]). Let a,w G srf and p, q G such that R r (w) = 
Rr(p) and K r (w) = Rr(q). Then the following statements are equivalent: 

(1) a!p,!p exists; 

(2) (aw)' 1 - 5 ' exists and K r {a) n R r {w) = {0}; 

(3) (wo)' 1,5 ' eoxste and R r (w) = R r (wa). 

In this case, waw is inner regular and 

a p,i = (^o) ^ = w(aw)( 1,5 ^ = w(waw)~w. 

Now we give the result when q has a small perturbation. By using our above 
lemma 14.51 we can also give a new representation for the generalized inverse of the 
perturbed operator. 

Theorem 4.6. Let a £ &/ andp, q G sd* such that a Pt ' q exists. Suppose that q G &/' 
with \\q — q'\\ < - • Then a p 2 f q , exists and 
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11(4?? -4^)11 . (l + K)h-g^ , I, ( 2 ,0n . i+\W-g\\ 

\\a™\\ - l-«lk-?'ll ll<W "-l-*-g|| l,M » 9 



(2,0 I 



(2) // i/iere are some w, v G <e/ wrat/i R r (w) = R r (p), K r (w) = K r (v) = R r (q) and 
R r {y) = R r (q'). Then 



<i* = <f + a§$(av)W a{v _ w)( i _ aaW)). 
Proof. Since 1 + ||1 — a&|| < 2 + k, then by Lemma [4.21 we have 

S(R r (q),R r (q'))<\\q-q'\\<-^—< ' 



2 + k - l + ||l-ao||' 
So ^ = oi2r(p) + i^(g') by Lemma O Note that K r (a) n i? r (p) = {0}. So a^f 



exists. 

I 1 J rrom o p>g , - pa Pi9 / - aa p , g ' ; we S et 

a p, g' ~~ a p,'q = a p,q ( Cia p,q' ~ aa p'q) • 

Since (1 — aa p q ,)x G R r {q') for any x G so we have 

dist((l - aaf; l J)x,R r (q)) < 5(R r (q'), R r (q)) || (1 - aa^,)x\\ 

<\\q-<f\\\\(l-«%$)*l 
Since K r (a Pi ' q ) = R r (q), then, for any e > 0, there is z G srf such that 

^,)x - (1 - aa p 2 ^|| < ||g - g'|| ||(1 - aa^)x\\ + e. 



- aa p, q > 



and then we have 



i a p,q' \\ a p,q\ aa p,q' CLdp^ q )x | 



< ||ogf{(l-aa^)x-(l-aagi)>}|| 

< (||g-g'||||(l-aaW ) )x||+c)||agf||. (4? 



x 



Since we also have 

||(1 - aa™)x\\ < \\x\\ + \\a\\\\a^x - (a£J - o£f ): 

<(l + «)IN| + ||a||||(agJ-agf)x||. (49) 
Now from Eqs. (14.81) and (14.91) . we can compute 

Let e — > + in the above inequality, we obtain that 



a (2 '° -a (2 ' Z)| 
p, <?' 



p,g 



(l + ^)||^-gl| ft!),, < L+jV^gJ (2,0, 
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(2) By Lemma I4.5[ a^^) = (vaj^'^v = v(av)^ 1,5 \ For convenience, we write 

b = cLp,q i b' = dpq, and x = a^'q + Opjq (av)^ 1 ' 5 ^ a(v — w)(l — aa^'q). Now we 
prove that x = b' by using Lemma 12.21 (4). Obviously, we have px = x. Note that 

(2,0 

V — a p, q a Pi so 

xap = { a g.O + a^(av)^a{v - w)(l - aagf)}ap 
= af fap + af^(av ) (1,5) a(v - w)(ap - ap) 
= p. 

Since b = w(aw)( l,5l \ we have 

V = {agf + ag$(av)M a ( v - w )(i- aaffl)W 

= bq' + {b(avY 1 ' 5) av - b(av) {1 ' b) avab - b(av)^aw + &(ow) (1 ' 5) 'awabjq' '. 
= bq' + bab'q' — bab'abq' — b(av)^' 5 ^ awq' + b(av)^ 1 ' 5 ^ awabq' . 
= bq + - bq' - b(av) {1 ' 5) awq' + b(av) {1 ' 5) awaw(aw) {1 ' 5) q' . 
= 0. 

Thus, we have x(l — q') = x. Finally, since aw = awaw(aw) ( - 1 ' 5 ^ = awab, we have 

(1 - q')ax = (1 - 9>{«£? + a^(av)^a(v -w)(l- oogf)} 

= (1 - g , )o6'o{agf + agf(av)^a(v - w)(l - aagf)} 

= (1 - 4){abfab + ab'ab(av) (1 ' 5) (av - w)(l - ab)} 

= (1 — q')(ab + ab' — ab — ab' ab(av)^ 1 '^ aw + ab' ab(avp' 5 ' awab) 

= (1 - g>6' 

= 1-9'. 

Therefore by Lemma [2T21 and the uniqueness of a^ ,l q ] , we get that ir = a^'^,. □ 

When the idempotents p and g both have some small perturbations, we have the 
following result. 

Theorem 4.7. Let a G srf and p, q, p , g G suc/i £/ia£ a^'g exists. If \\p — p \\ < 
and \\q — q'\\ < — — . Then a^' 1 ^, exists and 



< (l + «)(|b-p'|| + ||g-g'||) 



( 2 -0i, - i_(i + K )||p-^||_ K || g _^| 



I ^P, 9 



, (2,o H < (i + lk-9'IDII^I 



p '' 9 ~ i- (i + «)|b-j/|| -«||g-gH' 

Proof. By Theorem I4.4[ a5'g exists when \\p — p'\\ < -, and in this case, 



(2,0 II < l^j II < i±^|| a (2,/)|| 

" l-(l + K)||p'-p|| - k " p ' 9 " 
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So llg — q'\\ < < — -r— and consequently, a£ ,l \ exists by Theorem 14.61 

3 + « 2+Holllla^ll " P,q 

Finally, by Theorem 14.41 and Theorem 14.61 we have 

\\ a W _ „(2,0|| < || fl (2,/) _ (2,0 II , ||„(2,0 _ (2,0 1| 
\\ u 'p',q' U p,q II — II *>',<?' u p',q\\ T ll u p',g u p,q II 

(i + lkiill^; , g ) )lk-9 / ll|, (2,01., 0- + k)\\p-p'\\ h ( 2,o „ 



< — a)?'t + - v 7- /n „ J " „ a ; 



p',g I 



< (! + «)(!- llp-j/IDIIg-^ll ggj 
~ 1 - (1 + K)\\p-p'\\ - «||g — q'\\ 1 - (1 + K,)\\p-p'\ 
{l + K)\\p-p'\\ (2>0 

1- (l + ^lb-p'll" 
_ (1 + /6 )(||p- j /|| + || g -^||) m 



1 - (1 + K)\\p - p'\\ - n\\q - q'\ 



p,q 



,(2,o H ^ | U (2,0 _ „ (2,0 ii _l iu( 2 >0n ^ (1 + \\q - q'\\)\\ap 2 'g ] 

1 - (1 + K)\\p - - n\\q - q'\ 



and ||a p ,'^|| < Woylqi ~ a v,'q II + II Op, g |l < — — m m hi ttt- □ 



Now, we consider the case when the elements a,p,q G srf* all have some small 
perturbations. 

Theorem 4.8. Let a, 5a G srf andp, q, p , q G such thata Pt ' q exists. If\\p—p'\\ < 
/ K + iy > Wi-Q'W < and 11°^ IHI^II < ( K +i)( K + 4) - Then p' i' exists and 

,,-(2,0 || < (1 + l|g-g / ||)l|flgj ) || 

P '* q ' ~ 1 - (1 + K)\\p - p'\\ - K \\q- q'\\ - (1 + ||g - q'\\)h?' l) 



*p,q 

ii ( 2 >0n 

l s ( 2 >o - fl ( 2 -0|| < H a p-g II 



+ 



(1 + k)(\\ P - p'\\ + \\q-q'\ 

(i + lk-g'IDiHIlk 2 ?!! 



1 - (1 + K)\\p - p'\\ - K \\q - q'\\ - (1 + \\q - q'\\)\\& 
Proof. Theorem 14.71 indicates that oB' l l exists and 



I (2,0 I, (l + ||g-g'||)||ag g °|| (l + «)(4 + «) m) 

l(lp '' q ' 11 ~ 1 - (1 + K)\\p-p'\\ - 4q-q'\\ 2k 11 p ' 9 1 



Thus, ||a„,' , || ||5a|| < 1 and hence l + a„,'!,5a is invertible. Therefore, a .' , exists and 
^y,'?' = a £/'g'(l + ^ aa p''g') _1 by Theorem 13.41 Now by Theorem 14. 7\ we have 



,-(2,0,, < Ijjffll [i + Ik - tfllllk 3 ? 



" 1 - M a?JllllHI 1 - [1 + «]||p- p'|| - «|k - g'|| - [1 + |k - <?1l]ll4 2 ? 
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and 



\ a p'',q' a p,q* II — II (1 + a p',q'^ a ) a p',q' a p''g' II + II a p','q' " 



^ IVg'H , || (2,/) _ (2,0 1 

i lie II i| (2,/) n ^ II V, q' a p,q I 

i - IHIK'.g'll 

lla (2 '°ll 

^ \\ u p,q II 

~~ 1 — (1 + K)\\p — j/W — K\\q — q'\ 



(l + ^db-p'H + Hg-g'l 



(i + lk-^l) 2 IIHIIl4 2 '"' 



L p,q 



1 - (1 + ac) |b n\\q - q'\\ - (1 + ||g - g'||)||4 2 ? 

This completes the proof. □ 
By using perturbation theorems for the generalized inverse a p 2,l q \ we can also 

(1 2) 

investigate the perturbation analysis for the generalized inverse a p , q under some 
conditions. 

Corollary 4.9. Let a G sa and p,g 6 srf' such that a p , q exists. Suppose that 

p' G &f* with \\p — p'\\ < t r^- and ap' = a. Then a„,' 2 J exists and 

(1 + K) 2 p ,q 

||„(1,2) „ (1,2) II n . si, / || I, (1,2) n 

\K',q II (i + «)IIp-pII and 1,(12),, H4VII 



||ogf II " 1 - (1 + «) Hp' - pII p ' 9 " 1 - (1 + *) lb' - pII ' 

Proof. Set b = a p ) q \ Then bob = b, aba = a, ba = p, l — ab = q and a p 2 ' q = a^q = b. 
By Theorem 14.41 a p 2 ^ q is exists and 

II -(2,0 „ (1,2) || /, . vii / H 11 (1,2) H 

HV,9 I' < "PII ,, (2,0,1 < 114,9 II 



||ag.0|| " l-(l + «)|b'-p|| 11 ~ + 

We need only to show that a^,' 2 ^ = Oy q in this case. Put b' = a!" 2 , q . Then b'ab' = b', 
(b'a)j3f = pV, (1 - aV)st = qsf. Thus, (1 -q)(l- ab') = and hence 1 - q = (1 - 
q)ab' = abab' = ab'. Furthermore, ab'a = (1 — q)a = aba = a. From (b'a)srf = p'&/, 
we get that (1 — b'a)p' = and p' = b'ap' = b'a. Therefore, b' = a!^,' 2 ^ . □ 

,(1,2) 



p ,q 

We need the following easy representation lemma for a p \ q ' 



Lemma 4.10. Let a G and p, q G such that a Py ' q exists. Let w G &/ such 
that wa = p and aw = 1 — q. Then apff = (wa)*w = w(aw)#. 

Proof. Obviously, wa, aw G srf 9 for wa = p and aw = 1 — q. We also have (wa) # = p 
and (aw)* = 1 — q. Then by using the uniqueness of a p ) q \ we can prove our lemma 
by simple computation. □ 
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(1 2) 

Corollary 4.11. Let a G m and p, q G £/' such that a p , q exists. Suppose that 

q' G &/* with \\q — q'\\ < and a = (1 — q')a. Then a„? exists and 

2 + /€ v ' p ' q 

^^-^W ^ (l + «)||g-g1| . ,,(1,2),, ^ l + \W-q\\ (i,2)„ 



W n (i,2) u S - — — — — and W a P,a> II - i — rr ii"." '' 



,a& 2) || " l-K|k-g'|| " p ' 9 " - l-K\\q'-q\ 

(2) // t/iere are some w, v G s$ with wa = p = va, aw = 1 — q and av = 1 — q' . 
Then 



4f=<i ) +<f(av)*a(v-w)q. 



Proof, a?' 1 } exists by Theorem 14.61 From a = (1 — q')a and Lemma [2T2l we can obtain 



p,q 

that a^g) exists and a p 2,l q ] = a^q) ■ 

(1 2) 

Now the estimates in (1) and the representation for a p ' , in (2) follow from The- 
orem 14.61 and Lemma 14.101 □ 

Finally, by Corollary 14. 9[ Corollary 14.111 and Theorem 14 .7\ we have 

Corollary 4.12. Let a G s$ and p, q, p , q G with a p ' q exists. If \\p — p || < 

7 ^7? Ik ~~ Q'\\ < an d ap' = a = (1 — q')a. Then a^' 2 ], exists and 

(1 + kY 3 + k 1,1 



\<$%-<$,f\\ < (i + ^db-pll + lk-^'l 



a P )f\\ " l-(l + K)\\p-p'\\-K\\q-q'\ 



,(1,2),, < (i + lk-^IDII^II 

P ' ~~ 1 - (1 + K,)\\p-p'\\ - n\\q - q'\\ ' 
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